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I. INTEGRATION OVER A FINITE CYLINDRICAL REGION, Fig. 1 


The integrals, Eqs. (12,13) [1], see also [2], are of either one of the 
following forms: 

= ///Cx’)PCy')'^Cz')®dv' 

a 


= ///p(x',y' , z')- 






/Sinar’i j , 


= ///p(x' ,y’ ,z') 
f2 


3x'^3y'^3x'"" ^ 


{£25^} dV 

V * 


CD 

( 2 ) 

(3) 


Letting x'=x', y'=Ccos0, z'=?sin6 and dv'=dx'dy'dz'=?dCd0dx' , these 
integrals can be further evaluated as follows: [3] 

(a) 

= ///(xD^CyD'^Cz D^dv' 

n 

Cq-l)!!Cs-l)!!(2T:) ,2 

= ^ (^Fim 

=0 if any one of p,q,s is odd. (4b) 

where according to the definition of factorial. 


(q-1)!! = 


(q-pi 


ral5.i 


= 1 -S-S. . . (q-1) , q even 


(q+s)!! = 2 ^ = 2-4-6. . .s(s+2) . . . (s+q) , q,s even 

and a is the radius of the cylinder, Z the length. 

(b) n=0, 4.^: 

= ///(x')P(y’)'*(z')= dv' 

n ^ 

2m+l 


(5a) 


(5b.) 


= /J/(x')P(y')'i(2')^ I (-D' " ^ ^i - j -r(rD^’"dv» 


m=o 


1 



“ 2m+l 

in=o 

where 

’P n 

Using the multinomial formula, [4] 

Cr')^” = = I m fm !m ! Cx’ ) ’) ') ^*"5 

nij^,ni2jni2 1' 2' 3‘ 


(63 


(7) 


( 8 ) 


the integral 


Z „ ///(x')2"l*Pcy')""2*'’U')""3*=dV 


'm,p J- m_ !m^!m„l . 

m^,m2,m2 123 ^ 


m! 


2+y+v 


^ mjm^lm,! 
m^,m2,m2 i z o 


Cu-13!!Cv-13!!(27t3 (3UL1-) (. 

4.,. A,. 


(u+v3 !! 


2+y+v 1+A 




= 0 


m=0,l,2,... , if A,y,v all even 
if any one of X,y,v is odd 


(9) 


where (y-l)l!, (v-l)!l, (y+v) ! ! are defined as the same as (5a) and (5b), 
and, 

V = 2m^+p 
y = 2m^+q 

^ (10) 

V = 2m2+s 

m = m^+m^+m^ 


(c) n=0, (() : 

= ///(x^PCy'D'^Cx’D® dv' 

2m . ,.2m 

= ///Cx-)P(y'3^(x-)" I 

Q m=o ^ ' 


= IC-i) 


m a 


2m 


m=o 


(2m) ! m,p 


( 11 ) 


2 



where 


Q ^ 

ra^,m2,m2 123 Q 

X = 2m^+p 
p = 2m2+q 

V = 2m^+s 

The integral on the right hand side of Eq,(12) can be evaluated as 
follows: 

///(x')^(y')^(z’)'' ^ = 


( 12 ) 


(13) 


(p+v) II ^ 


= 0 


if p,v all even 


if any one of p,v is odd. 


(14a) 

(14b) 


In the above expression 


t=l 


k(k-2)...(k-2t+2) 


-I 




where 

k = 1+p+v 

is odd, and , 

(^) .kii 


(k) ! I = ■ — • — 


(k-l)!J = 2 ^ 2 ^! = 2-4... (k-1) 

k ) 

= 1.3...(k) 

o 

2 “ '■ 2 'I 


(15) 

(16) 

(17a) 

(17b) 
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The integrals 


h. 

- 2 f r ^l)(ki-l)...(k^^2y5) 2 ti -2 ki-2ti^l 2 ^ 2^3/2 

(k^+2)k^...(k^-2t^+4) ^ 


k +1 ^ 

^1 ^ t^=l 


9 /o 2 2 -15, 

(k^+2) (kj,)!! ^ I ^ if are even 


if any one of X,y,v is odd. (18) 


where 


kj^ = X + 2t - 2 


is even, and 


(k^-1)! 


(,1_„,, .-Tj— 


= 1-3-5. 


(k^-1] 


— ^ . 

Ck^) ! ! = 2^ '^2 ^ • = 2-4, , .(k^) 


kj^ is even 


The integral 


= /\x')’'^Ca2+x'2)^^^dx' 


■? 2 ti+l (^2'*' ^^2” ^^ ’ ‘ " ^^2^^^ 2t2“2 k2”2t2''‘l 2 2 3/2 

_ 2_ y , ,.t 2 +l 2 i ^ i , ■) ^ ^ ^ 

k.+l > , ^ (k2+2)k2...(k2-2t2+4) ^ •' 


'2 ■" t2=l 


. 2 " C’'2-^5‘-' _..’'2,„ /T:! _2^^-1 a 


(_ 1)2 (k 3 ! ! + a^sh"-^ -) if X,p,v are even (21a) 

2 2 


if any one of X,u,v is odd. 


4 


vdiere 


k 2 = A+ k« l = X + pt+v 
The integral 

A+k+1 


( 22 ) 


if X,ii,v are even (23a) 

if any one of X,u,v is odd. (23b) 
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II. INTEGRATION OVER A RECTANGULAR PARALLELEPIPED, Fig. 2 


In the case of a rectangular parallelepiped, the integrals in (14) 
(15), (16) can be evaluated as follows: 

(a) 

“ (p+lT(q!l) (s+1) Ca)'^''^(b)®*^(«.)P*^ if p,q,s all are even 
=0 if any one of p,q,s is odd. 


where £,a,b is length of the rectangular parallelepiped toward x*,y'»z' 
direction, respectively. 

(b) n=0, 


= J//(x’)P(y')‘^(z')® dV 


2BH-1 


= ///(x')P(y')'l(z')* I (-1)” y^g ^ ., (r) 

m=o *• •' ’ 


2m 


09 2m+l 

* T2snTr Vp 


and 


S 

m,p 


///Cx')P(y’)‘^(z')®(r')^”‘dv» 

^2 


I 


“l*®2*“3 


mt 

! m2! m^l 


2m, +p 2m-+t 2m_+s 

///ex') * (y) ^ ( 2 ') ^ 

Si 


dv' 


V 8m! (a)>^^^fb)^'^^fin^^^ 

mj,42.»3 “l'®2'”3‘ a^l)(v*l)Cv+l) 


m*0,l,2,... if A,y,v all are even 


= 0 if any one of X,w,v is odd. 


(24a) 

(24b) 


(25) 


(26a) 

(26b) 


where 
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m = mj^+ra^+nij 


X = 2m^+p 
y = 2m_+q 


V = 2ni2+s 


C27) 


(c) n=0, <j) . 


= //J(x’)PCy’)'^(2’)^ dV 

a 


= ///(x')P(y')‘^Cz')^ I (-1) 


m a 


2m 


m=o 


(2m)! 


Cr») 


2m 


= l (-1)’ 


2m 


m=o 


(2m) I m,p 


(28) 


and 


m.p ^ m^ Im«!m-! ' ' r’ 

m^,m2>m2 12 3 u 


I 


m! 


/ (x')^[/ (y')^(/ -> dz')dy']dx' 

a -b /t;t 


m^,m 2 ,m 2 "'l''"2'”'3' -A ‘-a ’ -b 


(29) 


where 


X = 2m. +p 


M = 2m^+q 

V = 2m2+s 

2 2 2 
= X* +y»^ 


mi+m2+m2 = m 


(30) 


The integrals in (34) can be evaluated as follows: 

(i) b 


(z') 


/ , 


dz’ 


= (b) 


v-2t+l|-x,2^y,2)^2^x'2+y.2 + (-l) ''/^ ‘ ^ x' ^^y'^) 


, 2 ,v/ 23 ^- 1 _^ 


/xl2+yl 2 
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=0 


if V is even 
if V is odd. 


where is defined as an operator as follows: 


n 


V 


2 

v+1 



t=l 


t+1 (v+l)(v-.lj...Cv-2t->»3) 
v(v-2) (v-4) . . . (v-2t+2) 


C31a) 

C31b) 


(32a) 


(v-l)!! = 


(v-l)I 


(T-l)rV 


= 1-3. ..(v-1) 


(f- 1)! 


(v) ! ! = • = 2-4. . .V 


V IS even 


(32b) 


(32c) 


(ii) 


.v/2 n! 


Tij^,n2 1‘ 2 ‘ 

^l’^2 ^ ^ 


- .1. 


I 1 .I 2 


U'-"2 


il,i2 J=2 ^l-^2- 2'^^(j!)'^C2j+l) 4 


where 


Il(x') = / Cy') 


^ 2n2+M / 2 2 ^ 

4) +x' +y' dy' 


= n Ca)^‘^^l'"^(b^+x'^)^^'V(a2+b^+x'^)^ + (-1)^/^ ^(g-l) j j (-,^2^^, 2^C/2 


• (a^a^+b^+x^ + (b^+x'^)sh"^ -===) 

/b2+x'2 
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= 0 


if \i is even 
if 11 is odd. 


In the above expression 


IT 




_i_ (g + l)(g-l)...(g + 2tTH31 

v+1 C?+2)?. ..(C-2t^+4) 


C?-l)!! = 1-3... (C-1) ? is even 

(5+2) ! I = 2*4... (5+2) 5 is even 

5 = 2n2+y 


The integral 

a 2i2+u d , 

I,(x-) = / Cy') -f==^ 

/x * ^+y * ^ 


= n (a) 
^1 


-a 

Ci-2t-+l 


t,-l 


(X'") 




5^/2 2 ( g ,- l )!! ^ ^ C ^/2 

C-1) (c^)!! ^ X' 


= 0 


if y is even 
if y is odd. 


where II is defined as the same as (32a) , only if replace v with 5^ and 
^1 ^ 

= 2i2+y 


(Cj-l)!! 

= 1-3. ..(5^-1) 

5j^ is even 

(5^)!! = 

2-4. ..(?p 

5^ is even 


The integral 


,(-) ■ ! 


-a i^x* 2+y * 2) ^ 
(X'^) 


dy' 


2 //~2 2 

= n^j(a) ^ ^ (X' ) /A^+x'^ 

h 

+ C-1) (5^-2) ! ! ^ X' 


/a^+x'^ 


C34a) 

(34b) 

(35) 

(36a) 

(36b) 

(37) 


(38a) 

(38b) 

(39 a) 
(39b) 
(39c) 


a 

X' 
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0 


if y is even 
if p is odd. 


(40a) 

(40b) 


where 


5^- 


K -rfi I 

t4=i 




.(5j-2t4+3) 


(5^-2) (5j-4)...(?^-2t4) 


(41) 


The integral 

I.(x') = f 


izll 


dy ' 


= n*' (a) 


-a /( x ' ^+ y ' ^) ^1 '*‘1 

5i-2t,+l - t--l — = , 

^ ^ (x'^) ^ 


Cj-l)Cj-2)...(j-to) 


j-1 5^/2 2(5j-l)!!(2) 

* th (^1-2)) (5^-2j-2) . . . (2-2j) (2j-l) (2j-3) . . . (2j-2t^+l) 

° C, 


(a) (x 


,2^2 ~^o'^ (a^+x'^)^° 

/ (a^+x ' 2) 2 j - 1 


+ (-1) 


C^/2 2(Ci-l)M 


(5l-2j)(Ci-2j-2)...(2-2j)C2j-l) 


■Ca)(x'^)^ 


/ (a^+x* ^) ^ 


= 0 
where 


n” = — 


if y is even 
if y is odd 


1/2 t-+l CC,+l)(C,-l)...C5,-2t2+3) 

I (-1) 211 12 


(5j-2j) (?^-2j-2) . . . (C^-2j-2t2+2) 


C42a) 

(42b) 


(43) 
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(iii) 


/x*^+y’^+2*^ 


”v"5. L irfer(“) 


ni,n2 






^ , ,,5/2„ 2(5-1) .'.',.,v-2t+I . 

V (f+2) !'I -I 


+ n 7 , i.v/2 il 2(v-l)_n, , 

^ h’^2- 


v+5. 


+ 7 (-1) 2 _ii_ 2(v-i)M 

ij,i2 W^2- ^ ^ 


IT. V r-n^/2 (v-1)!! -3 

«1 iX ‘l“2‘ (b) • 


5^+v-l 


7 (- 1 J 2 _AL_ (v-l)li 

^ ^ C?j^-2)!! '^6 


^l’^2 


C,-2t,+l 


+ TT' V 7 f_Ti 2 _i!__ Kv-l)!! (2j)! , ,^1 

. r y il 2(v-lll| 

il,i2 j=2 t^=l il!^2‘ C5i-2j)C5j-2j-2)... 


' .(b)2j-l.I. 


( 2 - 2 j) 


C2j)i (j-l)(j-2)...(j-to) 


• — ' ' hJ^ VJ •‘J •_•_• KJ~ ~OJ ra'irK'»2j+l j 

2^^Cj!)^C2j+l) C2j-l)(2j-3)...C2j-2t^+l)f^^t’'5 ’h 




I f 


7 7 (-1) 2 2 _J,!_ 2 X v-ij: 


C2j)l 


il.i2 j=2 


2"-'Cj!)^(2j+l) 


2(5i-l)!! 2i+i 

Uj-2j) C5j-2j-2) . . . (2-2j) C2j-1) '^9 


(44) 


The integrals in (44) can be evaluated as in Appendix. 
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APPENDIX 


The I-Integrals and ir-Functions 


(a) The I -integrals 


(i) 


I = / V(aW+x'^)^ dx' 

-!L 

2r, „ _ t,-i n-2t,+i 


t,-i 


= . I ^(aW) 2 .(il) 2 /CaW. 2)5 


V ^2 ^ 


^ 1*^2 12 


+ ■Ica^+b^) (A/a^+b^+i^ + Ca2+b2)sh'^ — — 


/a^+b^ 


•)] 


= 0 


if \ is even 
if X is odd 


in which the 7T-function tt^ is defined in (b) of the Appendix. 

(ii) I2 = 4 - I’i 

II = / a(x')^ ^"’^(b2+x'2)5/2y^2^^2^^,2 


= ^ 


26. 


ta-1 n,-2t.+l 


1 01,02 


0 ! ._ 2 ,. 2 .'- 4 -^ 


■(a)(b) .(a"+b") - -(Ji) 


L C~l) fl ffi t rr. j.o'i M ( 3 .) (b) (a b ) 


9, ,02 ^^^ 2 ^ Cn,^2) 


(£/a^+b^+ ^ + (a^+b^)sh"^ ^ 


= 0 


/a^+b^ 
if X is even 
if X is odd. 
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I" = / Cx') Hv« 

/b^+x*^ 


20, n-+l 

^ r n-\ ^ 


• 2 I e! afbl ‘(t) -* I y el , y , 

'l>=2 °l‘'2' V‘ ’ e,!e,l 'l'*2' t,il 


" 3/2 j 

I (-1) ‘ • 


^ , n_-2t.+i 


(b^r^ 


+ (-1) (b) -tg ^ i)(a)^(b) ^ + 


I I C-1) 


®1'®2 ^1=2 


^1 j 1^ ' e! ^ 

2^^1(jp!(2j^+l) ®r®2*' 


2j,+l 


H3/2 (n3-l)n 

^^3 (n3-2jj.l)(n3-2j-l)...(3-2jp 


^3 ^ 1 ” ^ 2 - 1 Jl 

• Cb) ^^tn» w + (-1) ^ ^ tg ^ ^)](b) ^ 


if X is even 


if X is odd. 


(iii) Z X+2i,+2t^-2 — — 

It = / (x») /a^+x*^ dx» 


= n (a^) ^ (A) ^ ^ /(a^+n'^ + (-1) 

^2 


V2 2(02-1)!!^ 2.V2 

(t,2+2)!!^^ J 


()l/a^+)l^ + a^sh"^ 


(iv) «. X+2i +5 

14 =/ (^') sh ^ fr dx* 


if X is even 


if X is odd. 




) (11) ''a +Z + (-1) — m -) T r ~<-^) 


if X is even 


if X is odd. 


p \i^ 



Cv) 


I. = / Cx') 


X+2x^*2t^-2 


-a 


/a^+x*^ 


tngj i 1 a 


‘8 


= 0 


if X is even 
if X is odd. 


(vi3 


I. = 


I ' - I" 


^6 = 


i A+2i,+5^-2 , a . , 

/ (X-) ^ 1 Bh-^l^dx' 

-i 


^ (.,3^10/2 2^-1)!! 


'10 ■'• '10 

• (a)'^^°sh’^ i] 
a-* 


= 0 


(ni„)H 


if X is even 
if X is odd. 


^6 = 


i X+2i.+C^-2 

/ ( X -) ^ ^ , 

~Z /a^+x' 2 


dx' 


^9 j 7 7 Hr/2 2(rir”l)!! Hc/2 

= H Ca3 ".(£) ^ ^ ./a2.^2 ^ ^,^3 5 . 5 ^^3 5^ ^j^-l | 


(H5) ! ! 


= 0 


if A is even 
if A is odd. 


(vii) 


Z A+2i,+2t--2 , , 

= / (X-) ^ 2 dx' 

-Z /(a2+x'2) 2j“l 


1 * -1 

= n fa ^ T^O m . 

^^6 / (a2+Jl2) ^j-3 


+ C-1) 


U^/2 


2(Tlg-l)!! 


(ng-2j-2)Cng-2j-4)...C-2j3 
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a A 


(2j-3)a2/Ca2+«,!^)2j-^ 


* k ^-1 (;2j-S)(2j-7D...C2j-2k -3) TkTT”^ 

C4a^) 


= 0 


if X is even 
if X is odd. 


Cviii) 


T r^f ^ (a^+x'^)^°dx' 

8 ■ 


■ % ♦ J*, ♦li+2 


ij Ca ) U) 


/(a2+«,2)2j-3 


y <i>! 

♦ p*2 


C-1) 


n^/2 2(n7-i)l! 


Cri7-2j-2) Cn7-2j-4)...(-2j3 


o ^ 7/2'**<jJ 1 


3-2 s’'^^Cj-2) (j-3) . . .(j-k -1) 

Cl - I 


(2j-3)a^/Ca^+A2)2j-3 ^^3=1 C2j-S) C2j-7) . . . C2j-2k^3-3) (4a2)’^13 


= 0 


if X is even 
if X is odd. 


(ix) I X+2i, -2 

Iq = / (X') 

-z 


dx* 


/ (a^+x* -1 


? ^12” ^ ^8” ^^12**"^ 

= n. Ca^ ) (A) . (.1) 


ng/2 


2Cng-l)!! 


^8 /Ca2+A2)2j-1 


(ng-"2j-23(ng-2j-4)...C-2j) 


a ^Z 


(2j - 3) a^/ (a2+£2) 2 j - 3 


(1 - z 


8 ^^(j-2)(j-3)...Cj-kj2"^)Ca^+A^) 


k^2=l (2j-5) (2j-7) . . . C2j-2k^2'3) (4a2)’^12 


= 0 


if X is even 
if X is odd. 
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(b) The TT-Functions 


The ir-functions in the I-integrals listed in (a) of this Appendix are 
defined as follows: 


(i) ^ 2 , ,, (Ti+l)(n-l)...(Tl-2t3+3) 

"n “ ^ t (^-^4) CTT*-2)...Cn-2t3+6) 


n = A + 2 x 12 * ^^2 even) 


fi . Tj = r . tj-i 


(ii) n as the same as (35) , if replace 5 with n, 
^1 ^ 


T]^ = X + 2n^ ’*' 2^2 Cis even) 


0^ + ©2 = e = C/2 


(iii) 


riy/2 


"3 '^3"1 t^=l 


I (-1) 


ty+1 (ri3+l) (rij-l) . . . (ri3-2t^+3) 


(n3-2j j^+1) CH3-2j j-1) . . . i-2t^+3) 






^3 tg=l 


tg+1 tg-1 [3-2 (j^+l)][ 3 - 2 j,],..[ 3 - 2 (j,-tg+ 2 )] 

I (-1) » .(2) “ . - ^ ^ ® 


Cji-lKji-2)...(j^-tg) 


= A + 2n^ + 2e2 (is even) 


. e2 = e = f C 


(iv) n as the same as (35), if replace C with n« 
n o ^ 


n- = A + 2i, + 2t- - 2 (is even) 


(v) n as the same as (32a), if replace v with rig 
Hg 


Hg = A + 2i^ + (is even) 
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Cvi) n 
n 

(vii) 

n 

(viii) 

(ix) 

(x) n 

n 

<(> 

(xi) 


as the same as (32a), if replace v with Hq 

Tig 8 


X + 2i^ + 2t^ -2 (is even) 


n as the same as (32a) , if replace v with n 
^10 


10 


= A + 2i^ + - 2 (is even) 


n as the same as (32a), if replace v with ric 

rif- ^ 


= A +2i^ + -2 (is even) 




:«T ^ 


tj^Q+1 (ri^+l) (n^-1) . . . (n^-2t-| pj+3) 


6"^^10 


6 6 t^Q-1 


(n^-2j-2) (rig-2j-4) . . . (n^-2j-2t^Q) 


= A + 2i^ '‘■2^2 ” ^ even) 


as the same as II , if replace with 
n? ^ 6 7 


ly = A +2i^ + ^ even) 

]^ + <t>2 = <(> = ■'^o 

n as the same as II , if replace with rio 
"^8 \ 6 8 

Pg = A + 2i^ + - 2 (is even) 
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integrals are obtained in series form for regions r > r' and r < r', where r 
and r' are distances from the origin to the point of observation and source, 
respectively. Derivatives of these integrals are easily evaluated. When 
the wave number approaches zero, the results reduce directly to the potentials 
of variable densities. 
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